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Abstract

A modified formulation of the multi-item 1lot sizing problem
with Joint replenishments is discussed. The new formulation
results in the reduction in the number of constraints and
consequently possible reduction in the computationsal
-effort.The formulation 1is extended to the case when there is
an upperbound on the production for & given set up.

1. INTRODUCTION

The multi-item lot sizing problems with joint

replenishments have been studied by & few authors in the past.

Dynamic Progrsmming algorithms were used to solve these
problems ( Zangwill{12], Veinott (113, Kaso {63 ). The other
spprosches include implicit enumeration ( Erenguc [31), dusl

ascent with branch and bound (Robinson and Gao (101} and
strong cutting plane algorithm with branch and cut (Raghavan
and Rao {8]). A heuristic method of solution for certain cost
structures were also given (Joneja [5]). More recently.
Raghavan and Rao [87 presented different formulastions of the
multi-item lot sizing problems with joint replenishments and a
comparitive evaluation of their usefulness from a

computational view point was made.

In this paper an attempt 1is made first to reduce the number of
constraints in the standard formulstion and then extended to
the situstions where there is an upperbound on the production
for s given set-up. There are plans to present computational

results in due course.



REVIEW

The malti-item lot sizing problem with joint
replenishments, as stated by Raghavan and Rso {8] is 'sas
follows:

Given the demsnd forecast for the K products over a
finite horizon of T time periods,the objective is to find a
lot schedule that meets the demand of each item in every
period and minimizes the total cost over the entire horizon.

A joint set up cost, jt , is incurred in a period t, if any

one of the items is produced in that period. An individusal
set-up cost ,ctnr ,is incurred in period t if there is sany
production of product k in period t. A marginal cost of

production for item k in period t, pex , &nd & marginal cost

of holding inventory of item k at the end of period t, hek

)

are also incurred. The varisbles are as defined in [8].

The standard formulation of the problem is:

Minimize

T T X T K -1 K
E jczc"'E E pCKYCk+E E cckXCK+E E hy,se
t=2 t=1 k=1 t=2 k=1 t=1 k=1
subject to
(a) Vyik- Simk = dik k=1,.., K
(b)Y yew + St-1,k - stk = dek t = 2, ,T-1
(c) yre + sT-1,.k = drk k=1,...,K
(d)> Vtk € derkxek t =2,...,T
k=1, ,K
(e) Xtk < zZt t =2,...,T
k=1,...,K
() Ytk 2 0 t =1, ,T
k = 1, ,K
(g Stk S t = 1, , T - 1
k= 1,...,K



(h) Xtk € {0,1} t=2,...,7T

(1) Zt € {0,1} t=2,...,7T

The total number of constraints in the problem
(a),(b), (c¢), (d) and (e) is:
K+ EK(T-1) + R+ KT+ KT = K (3T + 1)

, 85 given by

This 1is reformulated as multi commodity problem considering
the guantity of product k produced in period i to meet +the
demand in period t, as a variable. The marginal cost of
producing one unit of product k in period i and carrying the

unit to period t was also considered.

Rabinson and Gao {10} adopted the facility location
formulation. The JRP was also formulated as a shortest path
problem on an acyclic network by Joneja {4]. Raghavan and Rao
[93 presented computation experience with a working

formulation which has s block disgonal structure.

MODIFIED FORMULATION

The standard formulation of the JRP is modified to reduce the
number of constraints from K(3T+1) to K (2T+1) + T, i.e. s
reduction of T (K-1).

This is achieved by replacing the following constraints:

xtk £ Z+ ; t = 1,2,...,T A1)
k=1,2,...,K
by
Xt1 + Xtz + ... Xe < K. Ze 5 t = 1,2,...,T .. (2)

It can easily be seen that constraints (1) and (2Z) are
equivalent. The reduction in the number of constraints could
be substantisl if the number of time periods,T,or the number

of items,K,or both, are large.



The constraint set (1) sappears in the malticommodity
formulation, in the facility locstion formulstion and in the

shortest path formulation.

Solutiqn for some sample problems sre now being worked out
with this modified formulstion.

EXTENSIONS

In mwoulti item lot sizing problem with Jjoint replenishment,
situations frequently arise where there is an upper bound on
the number of units that could be produced per set up. If the
number of units produced is more than this upperbound, then it
warrants a8 second set up.In machine shop situation this may
involve replacing the tool. In cigerrette manufscturing

situation,it may involve changing the cutting knife.

Here it is assumed that for product k, the maximum number of

units that could be produced in & time period from the first

setup is Uw<2> | If the number of units to be produced is more
than Uxk<¢1>, then s second setup 1is required and the maximum
nmimber that could be produced from the second setup is Upt22

.If the number of units to be produced in the time period is
more than Urdi> +  Ur<2>, then a third setup is reqguired.
Let Upin> denote the maximum number of units that could be
produced for nth setup.Let the maximum number of setups to be
considered for product k in time period t be Nw®, which is

determined as:
Ur$> + Uk<22> + 0+ UVt - 13 < dk® + dr®r o+ L dikT =

UrCl> + Up<2> + UiNgt>

It is also sssumed that the set ups for a product in tinme

period t are independent of the setups in other periods.

Let us define ,as in the standard formulation of multi iftem
lot sizing problem with joint replenishments, the following

parameters and varisables.



k=1, 2. 3, ....,K
dek = forecasted demand for produet k in time
period t
deal B sum of demsnds of product k from period t
through period u inclusive, t = t+1,t+2,....,T
it = joint setup cost in time period t if any one

of the products is produced in time period t-

Ctk = individual setup cost in time period t if
product k is produced in tihe period t

Ptk = marginal cost of production for product k in
time period t

htk = marginal cost of holding one unit of product k
at the end of period t

Urin> = maxXimum number of units of product k that
could be produced in time period t for the
nth set up
n = 1,2,3,...., Nkt
Lt = 0 if there is no joint set up cost incurred in
time period t
= 1 if there is a joint set up cost incurred in
time period t.
Xewir> = 1 if there are r setups for product k in time
period t
= 0 if there are less than r setups for product k
in time period t
Yer = number of units of product k produced in time
period t
Stk = number of units of inventory of product k

carried at the end of period t,
t = 1,2,3,.... (T-1).



The formulation of the problem is given below:

Minimize
T T X T X Ny -1 X
E jczc"‘E E chYck*E E Cck(E Xg)>+2 z: hy, 8.,
t1 t=1 k=1 t=1 k=1 r= t=1 k=1
subject to:
&) Yie - S1x = diw k =1,2,...K
b) Yew + St-1,k - St,w = dek; t = 2,3,...T-1
= 1,2,...K
c) Ytk + sT-1,k = drk k =1,2,...K
d) Yer = U2 Xen€1> + Un<2> Xew$2> + ..+ UnMrt | XewWNit
€) Xe1€12> 4+ Xe2¢2> + | YXew$1> £ K Ze ; t = 1,2,...7
) Xern+1) < Xepind; = 1,2,...(Nrt -1)
t=1,2,... T
k= 1,2,... K
g Yew 2 0O ; t = 1,2, T
k= 1,2, K
i) Stk 2 0 t = 1,2, (T-1)
k =1,2, K
i) Z+ € {0,13; t = 1,2 . T
3 Xewtn> € {0,1}; t = 1,2 ....T

n = 1,2,.. Nkt

Constraint sets (a),(b), and (¢) require that the demand of
every product be met in every time period and that there be no
final inventory. Constraint set (d) relates production of
product k in time period t with the number of setups in that
period. Constraint set (e) ensures that there is no individual
setup in a8 period in which there is no Jjoint replenishment.
Constraint set (f) ensures that in any period, for product kK
there will not be (n+l)th set up unless there 1is a n th
setup.Constraint sets (g),(h),(i) and (Jj) are self

explanatory.



This can also be formulated as multicommodity flow
problem,facility location problem and &8s a shortest psth
problem.

Some sample problems will be selected and the computationsal

experiences will be reported later.

REFERENCES

[1] I.Barany, T.J. Van Roy, and L.A.Wolsey : "Strong
formulations for the multi-item capacitated lot sizing
problem”, Mansgement Science, Vol. 30,
pps. 1255-1261,1884.

{23 I.Barany, T.J. Van Roy, and L.A.Wolsey : "Uncapacitsted
lot sizing: the convex hull of so;utions”, Math. Prog.
Study, Vol. 22,pps. 32-43,1984.

3] S.5.Erenguc, "Multi-product dynamic lot sizing wmodel
with coordinated replenishments”, Naval Resesrch
Logistics,Vol. 35,pps.1-22,1984.

{41 D.Joneja ,"The joint replenishment problem:new
heuristics snd worst performsnce bounds’, Operstions
Rsearch, Vo0l.38,No.4,pps. 711-723.

{5] D.Joneja, "Multi-item and joint replenishment production
and distribution system with non-stationary demand”,
Technical Report no. 731,Dept. of IE and OR,Cornell
‘University, 1987.

[e] E.P.C.Kzs0,"A multi-product dynamic lot-size model with
individual and joint set-up costs", Opersations Research,
Vol.27.ppa. 279-289,1879.

{7] M.W. Padberg and G.Rinaldi,"A branch and cut algorithm
for the resolution of large symetric travelling salesman
problem", SIAM Review,Vcl.33, No.l,pps. 60-100,1891.



(8]

(8]

(10]

(11]

{1z}

P.Raghvan and M.R.Rao,"The multi-item lot sizing problem
with joint replenishments”,Technical Report SOR=91-8,New
York University, 1980.

P.Raghavan and M.R.Rao, "Formulations for the multi-item
lot sizing problem with jiont replenishments” ,Paper
presented st the xxiv annusal convention of the
Operational Research Society of India,Bangalore, Dec.
1891.

E.P.Robinson and Li-lian Gao,"A dual based procedure for
multi-product dyanamic demand coordinated replenishment
with backlogging”, Technical Report, Indisnsa

University, 1989.

A.F. Veinott Jr.,"Minimum concsave cost solution of
Leonteif substitution models of multi-facility inventory

systems” ,Operations Research, Vol.17,pps.262-281.1968.

W.I.Zsngwill,"A deterministic multi-product multi-
facility and inventory system”, Cperations Research,
Vol.14,pps .486-508,1966.



